A simple, compact, and systematic derivation is given of the characteristic properties of the magnetohydrodynamic ͑MHD͒ equations with two independent variables ͑time-dependent MHD in the xt plane and steady MHD in the xy plane͒, based on the symmetrizable Galilean invariant form of the equations and using a matrix approach. A numerically obtained stationary planar field-aligned MHD bow shock flow with interacting shocks is then analyzed in terms of hyperbolic and elliptic regions, steady xy characteristics, limiting lines, and allowed shock transitions. With the help of this analysis, a wave structure present in the bow shock flow can be interpreted as a double steady compound shock. This interpretation is based on the complete analogy demonstrated in our analysis, between the xy characteristic structure of this novel steady compound shock and the xt characteristic structure of the well-known time-dependent MHD compound shock.
I. INTRODUCTION
The equations of ideal magnetohydrodynamics 1 ͑MHD͒ are widely used to model plasma flows in astrophysics [2] [3] [4] [5] [6] and laboratory plasma physics. [7] [8] [9] This system of equations belongs to the class of symmetric hyperbolic systems, 10 which have many interesting and well-defined properties. Ideal MHD allows for three linear wave modes, the fast magnetosonic, the Alfvén, and the slow magnetosonic wave, with ͑positive͒ anisotropic wave speeds satisfying c f уc A уc s in standard notation. Nonlinear interaction of these different wave modes can lead to the formation of a wealth of shocks and discontinuities.
1, [11] [12] [13] An extensive general theory exists for the characteristic properties of symmetric hyperbolic systems. 10, 14 This theory has been applied early on to unsteady MHD flows 10 and to steady planar (B z ϵ0 and z ϵ0) MHD flows, including the case where the magnetic field is aligned with the flow ͑field-aligned or parallel flow͒. 15, 16 More complete accounts of the characteristic theory of steady and unsteady MHD flows appeared later. [17] [18] [19] [20] In more recent literature, characteristic analysis of steady MHD flows has been applied to the study of astrophysical flows 3,4,21,22 and stationary symmetric and transonic flows. 23, 24 In these papers analytical solutions of the steady MHD equations in two dimensions ͑2D͒ are obtained under various assumptions of self-similarity.
In the present article we present a detailed characteristic analysis of a stationary planar field-aligned complex MHD bow shock flow around a perfectly conducting cylinder in two space dimensions. For low values of the plasma ␤, switch-on shocks are possible and complex shock interaction phenomena appear 13, 25 when the inflow Alfvénic Mach number is greater than one but smaller than a critical value. The numerical solution of the symmetrical steady bow shock problem in this regime was obtained by De Sterck et al. 13 ͑further referred to as DSLP98͒. This bow shock flow consists of two consecutive shock fronts and additional discontinuities. In DSLP98 fast shocks and tangential discontinuities were identified in the steady flow. Moreover, the presence of intermediate shocks was clearly proven and was shown to be essential to the global 2D flow structure. A thorough parameter study shows that the complex shock topology is indeed closely related to the occurrence of switch-on shocks, and a very similar topology with intermediate shocks is obtained for the axi-symmetrical field-aligned flow over a sphere in the switch-on parameter regime. 26 In the present paper we further investigate this complicated bow shock flow using characteristic analysis of the steady MHD equations in two space dimensions ͑in the xy plane͒. A geometric view of this steady flow is presented in terms of transition lines, cusping of characteristics, limiting lines, and elliptic and hyperbolic regions in the flow. This analysis yields a clear insight into a complicated nonlinear MHD flow with interacting shocks, and the consistency of the interpretation in terms of characteristics further validates the numerical result obtained in DSLP98. Among the new results to be presented are complicated steady MHD wave structures in two space dimensions which, to the best of our knowledge, have not been studied before. The presence of shocks and the absence of any self-similarity assumption are new elements not present in earlier characteristic analysis of MHD flows.
3,4, [21] [22] [23] [24] The ideal MHD equations are nonstrictly hyperbolic, as linear wave speeds may coincide. The fast and slow MHD waves are not convex, 13, [27] [28] [29] [30] which leads to the possible appearance of xt compound shocks in the solution of planar one-dimensional ͑1D͒ Riemann problems. An xt MHD compound shock is a structure composed of a sonic intermediate shock ͑for which the upstream or downstream plasma velocity equals the fast or the slow characteristic speed in the shock frame͒ with an attached rarefaction which is a simple wave. 12, 14, 18 Note that the term ''sonic'' is used here in a broad sense, denoting the condition that the plasma velocity equals any one of the fast, Alfvén, or slow MHD wave speeds. 24 Intermediate shocks and compound shocks ͑with embedded intermediate shocks͒ have been found in time-dependent planar (B z ϵ0 and z ϵ0) 1D numerical simulations. 27 The results of DSLP98 show the first clear example of intermediate MHD shocks in planar 2D simulations. In the present paper we will further investigate the planar bow shock flow of DSLP98 and look for stationary 2D compound shocks. We will compare our results with the Myong and Roe 30 study of time-dependent planar 1D MHD flows. They show analytically that most planar intermediate shocks do have viscous profiles for the case where all the dissipative parameters are equal, and that sonic intermediate shocks embedded in compound shocks are essential elements in the solution of some planar xt MHD Riemann problems. We will investigate if our analysis of a stationary planar 2D MHD flow confirms the findings which they obtained by studying timedependent planar 1D MHD flows regarding the MHD wave features that can occur in the planar case.
The subject of the physical existence of intermediate MHD shocks has a long history and is still debated at present. For a long time it was believed that intermediate shocks are ''nonevolutionary'' and unphysical, 1, 11, 12, [17] [18] [19] [20] but recent numerical and theoretical results 27, 29, [30] [31] [32] [33] [34] [35] [36] [37] [38] [39] [40] and recent observations 25, [41] [42] [43] seem to indicate that intermediate shocks can exist in the real world. However, these findings are still disputed. [44] [45] [46] The clear presence of intermediate shocks of various types in the stationary planar 2D bow shock flow of DSLP98 seems to support the recent results which state that intermediate shocks are physical. However, it is important to emphasize here that this bow shock flow belongs to the class of planar MHD flows, for which B z ϵ0 and z ϵ0. Barmin et al. 44 and Falle et al. 45 argue that for the restricted planar system intermediate shocks are ''evolutionary'' and admissible, and can thus be expected in numerical simulation results when the simulations are restricted to planar flow, but that intermediate shocks should not occur in simulations of the full MHD system with three vector components, because they are nonevolutionary in the full MHD system and unphysical in the real world.
The question of the physical existence of intermediate and compound shocks in a nonplanar context can clearly not be addressed by our present planar simulation results. Our 2D simulation results with stationary intermediate shocks may constitute a mathematically correct and stable solution to a problem in the reduced system of planar MHD, and they confirm in 2D that intermediate shocks can indeed exist at least in planar flows, but it remains to be seen if the intermediate and compound shocks present in our 2D planar simulation results, would survive in the more general full MHD system which allows for nonplanar perturbations, given the debate on the physical existence of intermediate shocks in a nonplanar context. It is important to note that we obtain a very similar topology with intermediate shocks for the axi-symmetrical field-aligned flow over a sphere in the switch-on parameter regime. 26 Future extensions of our bow shock simulations to configurations in three space dimensions ͑3D͒ may be able to contribute to the answer to this question. In the present article, we try to understand and analyze the intricate wave structures that arise in this complicated planar 2D MHD bow shock flow.
In DSLP98, the planar complex bow shock solution was shown to contain an intermediate shock which is preceded and followed by steady rarefactions with the particular property that the normal plasma velocity is equal to a normal characteristic speed at the points where the rarefactions are attached to the shock. This is one of the basic properties of an xt compound shock. 27, 28 However, the correspondence between xt compound shocks ͑with an attached simple wave rarefaction which is continuously expanding in time͒, and steady wave structures in two space dimensions (xy), is not immediately clear and does not follow trivially from the respective governing equations, although a general conceptual analogy can be expected between wave structures in the xt and the xy planes, such as demonstrated for compressible fluid dynamics. 47 Such a correspondence has also been worked out analytically for simple MHD waves in the xt and the xy planes. 18 In the present paper we will explore the correspondence between complex wave patterns in the xt and the xy planes using characteristic analysis of the steady MHD equations in two space dimensions (xy).
Our motivation is to understand the steady 2D bow shock flow of DSLP98 in terms of its characteristic structure. First, characteristic analysis will clarify the global topology of the flow in relation with elliptic and hyperbolic regions and the flow of information. Second, the detailed wave structure of some of the wave patterns present in this flow will be clarified using characteristic analysis. This paper is organized as follows. In Sec. II we will present a concise derivation of some aspects of the characteristic theory of the MHD equations with two independent variables ͑time-dependent MHD in the xt plane and steady MHD in the xy plane͒, in preparation for the characteristic analysis of bow shock flows in the rest of the paper. This section serves to introduce the reader who is unfamiliar with the theory of characteristics to the concepts, nomenclature, and notation that will be used further on in the paper, and thus makes the paper self-contained. Moreover, our derivation of this characteristic theory, based on the Galilean invariant symmetrizable form of the conservative MHD equations with a source term [48] [49] [50] and using a matrix approach, 19, 22 is new and attractive in its own right, because it gives insight into the structure of the MHD equations as a system of Galilean invariant conservation laws with a constraint, and because in a simple, compact, and systematic way we recover all the various results that are scattered throughout the literature. 10, [15] [16] [17] [18] [19] [20] 22 We then apply this characteristic analysis to bow shock flows. We discuss the setup of the bow shock flows in Sec. III. The characteristic analysis of the multiple-front MHD bow shock flow of DSLP98 is quite complicated, so it is useful to gain some insight from more simple configurations first. We start out with the simple case of a traditional hydrodynamic bow shock flow in Sec. IV, followed by the characteristic analysis of a simple single-front planar MHD bow shock flow in Sec. V. In Sec. VI we discuss the characteristic structure of the complicated multiple-front planar MHD bow shock flow of DSLP98. We discuss the global topology of the flow and investigate whether or not a steady analog exists for xt compound shocks. We relate the results of the analysis of the flow to recent findings on stationary symmetric flows 24 and on xt MHD compound shocks. 27, 30 Finally, we formulate our conclusions in Sec. VII.
II. CHARACTERISTICS AND RIEMANN INVARIANTS OF MHD WITH TWO INDEPENDENT VARIABLES
It is useful for the purpose of this paper, to give a concise derivation of some aspects of the characteristic theory of the MHD equations 10, [15] [16] [17] [18] [19] [20] 22 and an explanation of the nomenclature and notation we will use further on in this paper. We start from the general case with three vector components which gives insight in the complexity of the MHD system and the role of the ٌ-B constraint, and then show how this complexity is reduced when we narrow our model down stepwise to the case of steady planar field-aligned homenthalpic flow.
A. The MHD equations
The equations of ideal one-fluid MHD in conservative form are given by
This equation has to be supplemented with the divergence free condition ٌ-Bϭ0 as an initial condition. Here and p are the plasma density and pressure, respectively, is the plasma velocity, B the magnetic field, and
is the total energy density of the plasma. I is the unity matrix. The magnetic permeability ϭ1 in our units. These equations describe the conservation of mass, momentum, magnetic field, and energy. We have written Eq. ͑1͒ in an unconventional form with a source term proportional to ٌ-B on the right hand side ͑RHS͒. This form of the equations, which reduces to the more familiar physical conservation laws when we set ٌ-Bϭ0, can be useful for certain purposes. Godunov 48 proved in 1972 that this is the unique form of the MHD equations that is symmetrizable. It is a more general form of the MHD equations, in the sense that this form of the equations remains Galilean invariant also if ٌ-B 0, as will be explained in Sec. II C.
This form of the equations seems to be useful for some conservative, shock-capturing numerical schemes, as pointed out by Powell. 49 In some numerical schemes, the ٌ-Bϭ0 constraint is only satisfied up to a discretization error. Inclusion of the RHS term is one way to assure that these small ٌ-B errors are consistently accounted for in a numerically stable way and do not lead to accumulation of inaccuracies. An alternative would be to use a projection scheme, which applies an extra correction to the magnetic field in every time step. This correction is obtained via solution of an elliptic equation. 51, 52 In DSLP98 we have used the projection method, but in the present paper we employ the source term method proposed by Powell. 49 As the reader can verify, the simulation results using these two different approaches are very similar. Only close to the stagnation point, very small differences can be observed. 43 For this bow shock simulation, we thus have a slight preference for the Powell source term method to control the ٌ-B errors, because of two reasons. First, the source term approach consumes less computing time than the projection scheme. And second, it cures the ٌ-B problems more in harmony with the hyperbolicity of the system, in the sense that solution of an elliptic equation contaminates the uniform upstream flow with small oscillations, whereas in theory the upstream flow should remain untouched because in the hyperbolic system signals cannot propagate upstream into a region where the flow is superfast. It may well be, however, that for some MHD flows in different parameter regimes or with different boundary conditions, the projection scheme is more appropriate. 53 We will show that the inclusion of this RHS term is also essential for our derivation of the characteristic theory in a simple, compact, and systematic procedure using a matrix approach. Characteristic analysis based on the symmetrizable form of the conservative MHD equations gives insight into the basic structure of the MHD equations as a system of Galilean invariant conservation laws with a constraint.
B. Characteristic analysis
The basic concepts and definitions of characteristic theory can be most clearly presented for the simple scalar case. Consider a conservation law for the scalar quantity u(x,t) which depends on two independent variables x and t with U a state vector of n conserved quantities, and A a nϫn constant matrix. Suppose an eigenvector decomposition of matrix AϭR•⌳•L exists, with the columns of R being the right eigenvectors of A, the rows of L being the left eigenvectors of A, RϭL Ϫ1 , and ⌳ being a diagonal matrix with the eigenvalues of A on the diagonal. The system is said to be hyperbolic if all the eigenvalues are real. The system can be described in terms of the characteristic variables W ϭL•U as
This decouples the equations, and for every component of W we have the conservation law
If the system is hyperbolic, then n characteristic curves exist in real space, defined by dx/dtϭ i . These characteristics are straight lines, and each w i is a RI on its associated family of characteristics.
A nonlinear system of n coupled equations in quasilinear form with two independent variables is described by
where A͑U͒ can be the Jacobian matrix of a flux function F associated with a set of conservation laws-and is hyperbolic in state U if the eigenvector decomposition of A͑U͒ exists and all the eigenvalues of A͑U͒ are real. The definition of the characteristic variables ‫ץ‬WϭL(U)•‫ץ‬U is now only locally valid. Characteristics exist if the system is hyperbolic, and the real eigenvalues of A͑U͒ determine the slopes of the characteristics locally. The characteristics are in general not straight lines any more, except in simple wave regions, where one family of characteristics consists of straight lines. 12, 14, 18 Riemann Invariants do not generally exist, but sometimes it is possible to find one or more functions i of the dependent variables U such that d i ϳL i •dU, which defines i as a Riemann Invariant. The mathematical interpretation of characteristic curves is that derivatives normal to the characteristic curve cannot be determined from the governing equations, because the equations only specify derivatives along the characteristic curves. The solution on a characteristic curve does not determine the solution in neighboring points not on this curve. This geometric property puts strict constraints on the posing of boundary conditions, namely, that characteristic curves cannot serve as boundaries on which boundary conditions are imposed. The physical interpretation is that weak discontinuities propagate as waves along characteristics, such that a characteristic variable is locally conserved on its corresponding characteristic ͑whereas Riemann Invariants are globally conserved on their characteristics͒. Equivalently, the wave information carried by a local characteristic variable follows a strict characteristic path and cannot escape in a direction perpendicular to the characteristic. It does not influence the solution in a neighborhood not on this characteristic.
The above analysis was placed in an xt context, and the theory of characteristics was related to concepts of propagation of physical waves in a time-dependent system. The same analysis can also be applied to steady state systems of equations, in which the time variable is not present anymore. Steady equations can also be hyperbolic, and by direct analogy we can relate the characteristic structure of steady equations to the stationary analogs of time-dependent waves, which we will call stationary waves. For instance, the concept of simple waves in MHD can be carried over from the time-dependent context (xt) to the stationary context (xy). 18 The formal analogy between the analysis of xt and xy systems of equations, both special cases of the full equations in xyt-or even xyzt-, can be clarified by the following considerations. In Sec. II C we will use this formal analogy to derive the characteristic properties of the xt and xy MHD equations in a unified and systematic way.
A general quasi-linear time-dependent system of n first order partial differential equations in two space dimensions is described by
with U a vector of dependent variables and A and B nϫn matrices. This system reduces to a system with two independent variables for the case of a 1D time-dependent flow (‫ץ/ץ‬yϭ0) and for the case of a 2D steady flow (‫ץ/ץ‬tϭ0). In the first case, the last term of Eq. ͑11͒ vanishes, and the procedure which was outlined above can be used to study the characteristic structure of the equations. In the second case, the first term of Eq. ͑11͒ vanishes, and one can examine the characteristic properties of the equation
leading to characteristic analysis in the xy plane. The eigenvalues and left eigenvectors of the matrix CϵA
Ϫ1
•B again determine the type of the system, the characteristic directions in the xy plane, and the Riemann Invariants.
C. Characteristic analysis of the MHD equations with two independent variables
In this section, the above sketched general framework is applied to the MHD equations and a derivation is presented of some aspects of the characteristic theory of the MHD equations. 10, [15] [16] [17] [18] [19] [20] 22 We will analyze the symmetrizable form of the equations ͓Eq. ͑1͔͒, and will not use the condition ٌ-Bϭ0, unless where necessary and stated. In this way we will be able to see how the characteristic structure of the MHD equations is independent of the ٌ-B constraint, and when this constraint becomes important.
For simplicity, we consider a perfect gas, such that the sound speed is given by
and the entropy is given by
The hydrodynamic stagnation enthalpy is defined as
and will play a role in the analysis of field-aligned MHD flow. Equation ͑1͒ can be written in the quasi-linear form of Eq. ͑11͒ with Uϭ(, x , y , z ,B x ,B y ,B z , p) the vector of so-called ''primitive'' variables ͓as opposed to the vector of ''conserved variables'' (, x , y , z , B x , B y , B z , e) used in Eq. ͑1͔͒, and matrices
͑17͒
The xt characteristic analysis yields the following results. The eigenvalues of matrix A are
These eigenvalues are always real, meaning that the system is always hyperbolic, and the eigenvalues thus determine the characteristic directions in the xt plane. The left eigenvectors
can be used to derive the Riemann Invariants 7 ϭs and 8 ϭB x . ͑20͒
For instance, the condition that L 7 •dUϭ0 in the direction of the characteristic with slope x , can be written as
,dB y ,dB z ,dp)ϭϪc 2 dϩdpϭ0. This leads to dsϭ0, because it follows from Eq. ͑14͒ that dsϭdp/ ␥ Ϫ␥p/ ␥ϩ1 dϭ(Ϫc 2 dϩdp)/ ␥ . This means that the entropy s is a RI. Making use of ٌ-Bϭ0, it follows from Eq. ͑1͒ that B x has to be constant in x and t, such that B x is a global RI ͑with a constant value in the whole xt domain͒, and can thus be eliminated from the xt equations, resulting in the more common description of 1D timedependent MHD with seven dependent variables. Here we can also clarify why we had to include the RHS term in Eq. ͑1͒: Omission of this term results in an eigenvalue 8 ϭ0, 49 which is not a Galilean invariant property, because a change in reference frame would change x and thus all the wave speeds accordingly, except 8 , which would remain zero also in the new reference frame. This zero eigenvalue makes matrix A singular, such that the general procedure outlined above to derive the xy characteristics, which uses A Ϫ1 , would fail.
For steady state solutions the xy characteristic analysis yields the following results. In the stationary case, the governing equations are not always fully hyperbolic. If some eigenvalue of matrix CϭA
Ϫ1
•B is not real, then its associated characteristic does not exist. It is hard to find closed expressions for the eigenvalues of matrix CϭA
•B, but using software for symbolical calculation, we can easily factorize the condition det(CϪI)ϭ0 in terms of the variable
which represents the square of the velocity component perpendicular to the characteristic, as the direction of the characteristic is given by dy/dxϭ. This factorization leads to the following roots:
where c fЌ , c AЌ , and c sЌ are the fast magnetosonic, Alfvén, and slow magnetosonic velocities in the direction perpendicular to the characteristic. 18, 22 For every condition ͑22͒, if real s can be found which satisfy the condition, then the associated characteristics exist and we say that the associated characteristic fields are hyperbolic.
The physical interpretation of these conditions is clear: If they exist, then the xy characteristics are curves from which no wave information carried by the associated characteristic variable can escape in a direction perpendicular to the characteristic. For instance, the wave with wave speed Ќ Ϫc fЌ perpendicular to the characteristic cannot transport information in this perpendicular direction when Ќ ϭc fЌ . This defines the steady xy characteristics as curves on which the perpendicular plasma speed equals a perpendicular wave speed. We say that the flow is sonic in the direction perpendicular to the characteristic.
The equation for Ќ4 always has two real solutions, 7,8 ϭ y / x , meaning that the streamlines are twofold degenerate characteristics. The associated left eigenvectors are
and ͑23͒ with E z the z component of the electric field. Making use of ٌ-Bϭ0, it follows from Eq. ͑1͒ that Riemann Invariant 8 ϭE z is a global invariant, as with ٌ-Bϭ0 the evolution equation of the magnetic field reduces to the classical form of the induction equation ‫ץ‬B/‫ץ‬tϭϪٌϫE. Then ‫ץ‬B/‫ץ‬t ϭϪٌϫEϭ0 leads to ‫ץ‬E z /‫ץ‬xϭ‫ץ‬E z /‫ץ‬yϭ0. E z can thus be eliminated from the equations. The entropy is conserved on a streamline in continuous flow. However, it follows from the MHD Rankine-Hugoniot ͑RH͒ jump conditions 1,11,12 that the entropy is discontinuous when a streamline crosses a shock.
The equation for Ќ2 always has two real solutions as well, 3,4 ϭ(B y Ϯͱ y )/(B x Ϯͱ x ).
The equations for Ќ1 and Ќ3 are much more complicated. Depending on the parameters, the equation for Ќ1 can have no solution or two solutions for . The equation for Ќ3 can have zero, two, or four real solutions for , with the total number of real solutions for the two equations not exceeding four. The slow and fast magnetosonic characteristic fields can thus be hyperbolic or elliptic depending on the parameters, and no simple formulas can be found as criteria for hyperbolicity. Graphical methods can be used to determine the hyperbolic and elliptic regions of the equations. [15] [16] [17] [18] [19] [20] 22 In the case of planar MHD (B z ϵ0 and z ϵ0), the Alfvén waves disappear, meaning that the families of characteristics corresponding to characteristic speeds 3 and 4 drop out, both in the xt and in the xy case. The other characteristic families remain unchanged.
For steady MHD in two space dimensions, if the components of the magnetic field in the xy plane are aligned to the xy components of the flow velocity somewhere in the xy domain, then E z ϭ0 at that location. It then follows from the analysis given above, that the magnetic field in the xy plane has to be aligned to the flow everywhere, as E z is a global invariant and thus vanishes everywhere. It can be proved using the MHD RH relations, that this property is also conserved at shocks ͑as the tangential electric field is conserved at a shock͒. These properties establish the concept of steady field-aligned MHD flow.
It is interesting to note that the characteristic structure of the MHD equations is independent of the constraint ٌ-Bϭ0. The characteristic structure derived from the symmetrizable form of the equations ͓Eq. ͑1͔͒ is consistent and complete, without the need to impose the ٌ-Bϭ0 constraint. The concept of field-aligned flow however requires that ٌ-Bϭ0, because only then E z is a global invariant.
D. Characteristic analysis of steady planar fieldaligned MHD
The bow shock flows which we will analyze further on in this paper, belong to the class of steady planar fieldaligned MHD. Therefore, we will now show how the above derived general results on characteristic analysis of the MHD equations simplify for this special case. 15, 16, 19, 21, 22 We introduce the variable ␣ in Eq. ͑1͒ with ‫ץ/ץ‬tϭ0 by taking Bϭ␣. The steady MHD equations for planar fieldaligned flow reduce then to a 5ϫ5 system with U ϭ(, x , y ,␣,p), and matrices
Note that, consistent with our observations at the end of Sec. II C, the fourth row of the equations now automatically leads to ٌ-"␣͒ϭٌ•Bϭ0, although we have only explicitly imposed that ␣ϭB, and not that ٌ-Bϭ0.
Analysis of the characteristic properties of this 5ϫ5 system yields the following results. The characteristic condition det(CϪI)ϭ0 can again be factorized in terms of the variable Ќ 2 . This factorization leads to the following roots:
The equation for Ќ2 always has three real solutions, 3,4,5 ϭ y / x , meaning that the streamlines are threefold degenerate characteristics. The corresponding left eigenvectors are The entropy, /␣, and the stagnation enthalpy are thus conserved on a streamline in continuous flow. It follows from the MHD Rankine-Hugoniot ͑RH͒ jump conditions, 1, 11, 12 that the entropy is discontinuous when a streamline crosses a shock. However, the stagnation enthalpy and /␣ are conserved over a shock. The invariance of these three quantities along streamlines can also be derived by direct manipulation of the conservation laws of Eq. ͑1͒. 
͑30͒
If the factor under the square root sign is positive, then these eigenvalues are real, and the equations are hyperbolic. [15] [16] [17] [18] [19] [20] [21] [22] This factor changes sign three times, viz. when the square of the velocity equals 2 ϭc A 2 , 2 ϭc 2 , and 2 ϭc cusp 2 .
͑31͒
The cusp velocity is defined as c cusp 2 ϭ(c 2 c A 2 )/(c 2 ϩc A 2 ) and is the velocity of the slow wave cusp in the MHD Friedrichs diagram. 16, 17 Note that we define c A as the Alfvén speed in the direction of the magnetic field in the case of field-aligned flow. This leads to a division of the parameter space into elliptic and hyperbolic regions, as depicted in Fig. 1 , for high and low ␤*, where the parameter ␤* is defined as ␤* ϭp/(B 2 /␥)ϭc 2 /c A 2 . In Fig. 2͑a͒ the local geometry of streamlines and xy characteristics is sketched for the case of planar steady fieldaligned MHD in hyperbolic regions. The streamline is a threefold degenerate characteristic, and there are two additional families of characteristics ͑generalized Mach lines 10, 14 ͒ which make equal angles with the streamline. These characteristics can be of the slow or fast type, depending on which hyperbolic regime the parameters are in ͑Hf or Hs of Fig. 1͒ . Division of the expression for Ќ1 2 in Eq. ͑27͒ by 2 leads to the following interesting formula for the angle between the streamline and the characteristic ͓Fig. 2͑a͔͒:
͑32͒
The sonic and Alfvénic Mach numbers are defined as M ϭ/c and M A ϭ/c A . The flow is hyperbolic when 0
, Ќ 2 equals 2 and ϭ90°, meaning that at such transition lines between elliptic and hyperbolic regions, the characteristics will be perpendicular to the streamlines, as is shown in Fig. 2͑b͒ . At transition lines of these types, characteristics can thus only be parallel to these lines when the streamline is perpendicular to the transition line. For 2 ϭc cusp 2 , Ќ 2 equals zero and ϭ0°, meaning that at this type of transition line between elliptic and hyperbolic regions, the characteristics cusp parallel to the streamlines, 3,21 as is shown in Fig. 2͑c͒ .
In some cases further simplifications can be made. If the stagnation enthalpy is the same on every streamline ͑this is called homenthalpic flow͒, then p can be eliminated from the equations, resulting in a 4ϫ4 system with U ϭ(, x , y ,␣). In this case 5 and 5 drop out, but the rest of the analysis remains the same. Similarly, steady planar hydrodynamics in 2D results in a 4ϫ4 system with U ϭ (, x , y ,p) . The results for this special case of vanishing magnetic field are recovered by putting ␣ϭ0, in which case 4 and 4 drop out. A summary of the results on characteristic analysis of the MHD equations with two independent variables is given in Table I . We are now ready to apply this characteristic theory to the analysis of numerically obtained bow shock flow solutions.
As a final remark, we can note that the concepts of characteristic analysis can be extended to systems with three and four independent variables. 10, 54 The matter becomes quite more complicated, and necessitates the introduction of concepts like characteristic rays, surfaces, and cones. For the decreases, a division in a fast hyperbolic region ͑Hf1͒, an elliptic region between the fast and the slow hyperbolic regions ͑Efs1͒, a slow hyperbolic region ͑Hs1͒, and an elliptic region below the cusp speed ͑Ec1͒. The bottom line shows a similar division for ␤*Ͻ1. For ␤*ϭ1, c 2 ϭc A 2 .
FIG. 2. Streamlines ͑dotted͒, slow or fast characteristics ͑thick͒, and transition lines between hyperbolic and elliptic regions ͑dashed͒, for steady planar field-aligned MHD. ͑a͒ The two families of characteristics ͑thick͒ both make an angle with the streamline. ͑b͒ At transition lines where the plasma velocity equals the sound speed or the Alfvén speed, the characteristics become perpendicular to the streamline. When the streamline is perpendicular to the transition line, the characteristics will be tangent to the transition line. ͑c͒ At transition lines where the plasma velocity equals the cusp speed, the characteristics cusp and are tangent to the streamline.
purpose of this paper, it is however not necessary to consider systems with more than two independent variables.
III. BOW SHOCK FLOWS OVER A PERFECTLY CONDUCTING PLATE WITH A SEMICYLINDRICAL BUMP
In the following sections, we will discuss symmetrical bow shock flows generated when a uniform field-aligned flow over a perfectly conducting plate is obstructed by a semicylindrical perfectly conducting bump or corner ͑Fig. 3͒. For sufficiently large inflow velocities a steady state bow shock is formed. The flow can be studied in the left quadrant bounded on the right by a vertical line through the center of the cylinder, at which the flow is superfast.
The bow shock flows are obtained numerically by solving the time-dependent ideal MHD equations Eq. ͑1͒ on a stretched polar-like structured grid using a finite volume method which is second order accurate in space and time.
We use the Lax-Friedrichs numerical flux function 44 ,52 and Powell's source term technique 49 to keep the ٌ-B constraint satisfied. The steady state solution is obtained by means of a time marching procedure ͑see DSLP98 for details and references͒. The numerical code used for these bow shock simulations was previously used for resistive MHD simulations of interacting hot filaments in a tokamak 9 and for the simulation of explosive events in the solar atmosphere. 55, 56 In the following sections, we choose the values of the incoming flow variables as follows: ϭ1, pϭ0.2, y ϭ0, B y ϭ0. The values of x and B x will be varied. The bow shock flows considered in this paper are planar flows, which means that B z ϵ0 and z ϵ0 in the whole simulation domain. The flow solution scales with the radius of the cylinder which can thus be chosen arbitrarily. We choose r cyl ϭ0.125 and we take ␥ϭ 5 3 for all simulations.
IV. HYDRODYNAMIC BOW SHOCK
In Fig. 4 we show the simulation result of a hydrodynamic bow shock with x ϭ2 and B x ϭ0 for the incoming flow. The shock is clearly seen where the density contours ͑thin solid lines͒ are piling up. The streamlines ͑dotted͒ are double characteristics with s and h s as the corresponding Riemann Invariants along these characteristics. The thick solid lines are the two families of hydrodynamic characteristics ͑Mach lines 14 ͒ making equal angles with the streamlines. The thick dashed transition line is the M ϭ1 contour, separating the subsonic elliptic region close to the cylinder from the rest of the flow, which is supersonic and thus hy- (8ϫ8) MHD ͓Uϭ(, x , y , z ,B x ,B y ,B z , p) perbolic. The Mach lines are perpendicular to the streamlines at the transition line, corresponding to Fig. 2͑b͒ . Limiting characteristics 14, 24 ͑or limiting lines͒ are the convex hulls of characteristics which appear when characteristics of one family start to pile up and develop those convex hulls. Limiting characteristics cannot exist in real flows, unless they are perpendicular to the streamlines. They are generally avoided through the appearance of shocks, 14, 24 because at the location of the limiting characteristic the solution would be multivalued. In the bow shock flow of Fig. 4 it is indeed seen that limiting lines are not present, but that shocks bring the flow from the upstream supersonic state to a downstream elliptic ͑close to the cylinder͒ or hyperbolic ͑further away from the cylinder͒ state.
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V. SINGLE-FRONT MHD BOW SHOCK
In Fig. 5 we show the simulation result of a fast MHD bow shock with x ϭ2 and B x ϭ1 for the incoming flow. The inflow plasma ␤ is low, but these inflow parameters do not allow for switch-on shocks ͑see DSLP98͒, so that we get a simple traditional single-front MHD bow shock. The characteristic properties of the flow are very similar to the hydrodynamic case. Density contours ͑thin solid lines͒ pile up in the shock. The streamlines ͑which are also magnetic field lines͒ are dotted. The thick solid lines are two families of fast characteristics making equal angles with the streamlines. The angle is a little larger, such that the bow shock and the characteristics are opened up a little compared to the hydrodynamic case. The influence of the magnetic field on this angle is clear: The angle will always be larger than the corresponding hydrodynamic angle (B x ϭ0), as
for supersonic flow (M 2 у1). We can determine the types of the hyperbolic and elliptic regions in the flow according to the classification given in Fig. 1 . The parameter ␤* is smaller than one upstream, and greater than one downstream from the shock, except far away from the cylinder ͑the thick dash-dotted line is the ␤*ϭ1 contour͒. The thick dashed transition line is the M ϭ1 contour, separating the subsonic elliptic region close to the cylinder ͑Efs1͒ from the rest of the flow, which is supersonic and thus hyperbolic ͑Hf2 upstream from the shock and downstream far from the cylinder, and Hf1 downstream and closer to the cylinder͒. The fast characteristics are perpendicular to the streamlines at the transition line, corresponding to Fig. 2͑b͒ . The comments regarding limiting characteristics that were given in the hydrodynamic case, can be repeated for this fast MHD bow shock flow.
VI. MULTIPLE-FRONT MHD BOW SHOCK
In Fig. 6͑a͒ we show the simulation result of the MHD bow shock flow with x ϭ1.5 and B x ϭ1 for the incoming flow. The inflow plasma ␤ is low (␤ϭ0.4), and the inflow parameters allow for switch-on shocks, so that we get a complex interacting multiple-front MHD bow shock flow. We refer the reader to DSLP98 for a detailed discussion of this complicated flow. The angle in the upstream part is larger than in the single-front case of Sec. V. The bow shock is opened up even more and a ''dimple'' appears in the shock front near the conducting plate, where the front is now curved convex outward from the cylinder. A second shock front is seen to have separated from the leading shock front. Additional discontinuities can be seen between these two shock fronts.
These complex shock interaction phenomena lead to a flow which is quite a bit more complicated in terms of characteristic analysis. The dotted lines again indicate the streamlines, and the thick solid lines indicate the two families of characteristics which are of the slow or fast type depending on the location in the flow. Several separate elliptic regions can be seen.
These shock interaction effects are described in great detail in DSLP98. Here we will just identify the different shock fronts in terms of their shock type 1,11,13 and clarify the global topology of the flow. Figure 6͑b͒ shows a sketch of the shock topology, with lettering labels that will be used to refer to shock parts. The possible plasma states upstream and downstream from an MHD shock are traditionally labeled with the numbers 1 to 4, with state 1 a super-fast state, state 2 sub-fast but super-Alfvénic, state 3 sub-Alfvénic but superslow, and state 4 sub-slow. 1, 11, 13 In the leading front, shock AB is a 1-2 fast shock, BCD is 1-3 intermediate, DE is 1-2 fast, and EF is 1-4 hydrodynamic. The second front DGHI is 2-4 intermediate ͑almost 2ϭ3-4 slow switch-off͒. EG is a 1ϭ2-3ϭ4 intermediate shock which is sonic both upstream and downstream. EH is a tangential discontinuity, and tangential discontinuities also stretch out from points D, G, and H, along the streamlines towards infinity.
A. Elliptic and hyperbolic regions
In Fig. 7 we analyze the hyperbolicity of the flow. The thick solid line is the ␤*ϭ1 contour. The M ϭ1 contour ͑thick dashed͒, the M A ϭ1 contour ͑thick dotted͒, and the M cusp ϭ1 contour ͑thick dash-dotted͒, are the transition lines between elliptic and hyperbolic regions. We can label the regions according to the classification of Fig. 1 . The incoming flow is hyperbolic of the type Hf2. Downstream of the leading and the second shock fronts, and starting from above, the flow is first hyperbolic of the type Hf2, and becoming hyperbolic of the type Hf1 as the ␤*ϭ1 contour is crossed. Crossing the M ϭ1 contour brings us into an elliptic region of type Efs1, followed by a hyperbolic region of type Hs1 when the M A ϭ1 contour is crossed. In Fig. 6͑a͒ we can see that the characteristics are perpendicular to the streamlines at these transition lines. Further down, we reach the elliptic region of type Ec1 as the M cusp ϭ1 contour is crossed. At this transition line, the characteristics show the expected cusping behavior of Fig. 2͑c͒ , as can be seen in Fig. 6͑a͒ .
In Fig. 8 we show a more detailed plot of the interaction region near the conducting plate. The incoming flow is Hf2, and it remains Hf2 through the fast shock DE. Shock EG brings the flow into a Hs1 region a, as we cross the ␤* ϭ1, M ϭ1, and M A ϭ1 contours simultaneously. From re- FIG. 6 . ͑a͒ Interacting bow shock flow for the complex MHD case ( x ϭ1.5, B x ϭ1). A ''dimple'' appears in the leading shock front near the conducting plate, and a second shock front is seen to have separated from the leading shock front. Additional discontinuities can be seen between the two shock fronts. Density contours ͑thin solid lines͒ pile up in the shocks. The streamlines ͑which are also magnetic field lines͒ are dotted. The thick solid lines are two families of fast characteristics making equal angles with the streamlines. Several elliptic and hyperbolic regions are present. ͑b͒ Shock topology of the interacting bow shock solution. The ␤*ϭ1 contour ͑thick solid͒, the M ϭ1 contour ͑thick dashed͒, the M A ϭ1 contour ͑thick dotted͒, and the M cusp ϭ1 contour ͑thick dash-dotted͒ separate the different regions. Region a is Hs1, region b is Efs1, and region c is Efs2. gion a crossing the M A ϭ1 contour leads us to a Efs1 region b, and crossing the ␤*ϭ1 and M ϭ1 contours leads to a Efs2 region c. Near the conducting plate at the bottom, shock EF brings the flow into a Hs1 region, as the ␤*ϭ1, M ϭ1, and M A ϭ1 contours are crossed simultaneously. Enclosed between regions c, b, and the Hs1 region at the bottom, we find a Hf2 region.
As could be expected, we do not encounter limiting lines in this flow, but instead we find shocks. Shock transitions exist between two hyperbolic regions ͑for example, from Hf2 to Hf2 through shock DE, and from Hf2 to Hs1 through shocks EG, EF, and BD), between a hyperbolic and an elliptic region ͑for example, from Hf2 to Efs1 above point B (M A ϭ1 downstream of point B), and from Hf2 to Ec1 through shock DG), and apparently also between elliptic regions of different types ͓from region b ͑Efs1͒ to Ec1 through shock GH], although we have to remain careful with our conclusions as the numerical resolution is not very high in this small region. This last type of shock transition from elliptic to elliptic may be surprising at first sight, but a similar theoretical result has recently been reported, based on explicit solutions for stationary symmetric self-similar MHD flows, stating that this type of shock transition is possible. 24 The other shock transitions present in the bow shock flow also belong to the theoretically predicted class of allowed shock transitions. 24 We can conclude that the flow configuration, characteristic analysis, and types of shock transitions of our interacting bow shock solution are illustrations and 2D extensions of many of the recent theoretical results obtained from analysis of stationary symmetric self-similar MHD flows.
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B. Steady MHD compound shocks
In Fig. 9͑a͒ we show a plot of the pressure along the conducting plate close to the leading shock, and in Fig. 9͑b͒ the pressure is plotted along a cut perpendicular to shock front EG ͑as indicated by the thin dotted line in Fig. 13͒ . In both cases, the shock is followed by a clear rarefaction. This is topologically analogous to MHD compound shocks in the xt plane. We will now investigate if these structures are steady analogs of the xt compound shock. We will first review the characteristic properties of xt compound shocks by discussing a simple scalar example. 28 The scalar nonlinear conservation law Eq. ͑3͒ allows for discontinuous solutions ͑shocks͒ that propagate with a speed s determined by the RH relation
where u r and u l are the states on the right and the left of the discontinuity. 28 Let us consider as a first example the flux function of the inviscid Burger's equation, viz., f (u)ϭu 2 /2. This function
does not change sign. In Fig. 10͑a͒ , we show how a Riemann problem with uniform left and right states u l ϭ1 and u r ϭ0, leads to a shock propagating with shock speed sϭ 1 2 . If we use for the moment the ͑naive, see below͒ geometrical shock admissibility condition that characteristics have to enter the shock, then this shock is an admissible shock solution. The characteristics on the left and right of the shock indeed enter the shock, as the shock speed s lies between f Ј(u l ) and f Ј(u r ), because f (u) is convex. ). This function is not convex, because f Ј(u) is not monotone as can be seen in Fig. 10͑b͒ . For a Riemann problem with the same values u l ϭ1 and u r ϭ0, the shock speed FIG. 9 . ͑a͒ Pressure along the conducting plate near the leading shock. The shock is followed by a rarefaction. ͑b͒-͑d͒ Pressure, slow Mach number, and fast Mach number in the direction along the perpendicular cut through shock EG which is shown in Fig. 13 ͑thin dotted line͒. The shock is preceded and followed by rarefactions, which are sonic where they are attached to the shock. . A single shock would not be admissible because characteristics would leave the shock. An intermediate state u* can be found, which can be connected to u r via a shock, and to u l via a rarefaction. From left to right: The compound shock ͓shock ͑thick͒ with attached rarefaction ͑thin dotted͒; the characteristic in the rarefaction is parallel to the shock where the rarefaction is attached to the shock͔; xu plot at the time indicated by the dash-dotted line in the leftmost picture; the flux function with the intermediate state u*; the characteristic speed function.
sϭ1 does not lie between f Ј(u l ) and f Ј(u r ). This is possible because f (u) is not convex. This leads to an inadmissible shock, where the characteristics on the left of the shock, with characteristic speed f Ј(u l )ϭ0, would come out of the shock.
An admissible solution for this Riemann problem can be found by extending the model to one involving compound shocks, which are shocks with an attached nonuniform region. An intermediate state u* can be found, for which f Ј͑u*͒ϭ
meaning that state u* can be connected to u r by a shock transition. On the left of the shock, the characteristic determined by f Ј(u*) will thus be parallel to the shock, and state u* can be connected via a continuous rarefaction wave with the uniform state u l . In the shock frame, f Ј(u*)ϭ0, and we say that the solution is sonic where the rarefaction is attached to the shock. A compound shock is thus a shock with a sonic rarefaction attached to it. This rarefaction is of a finite extent, moving with the same speed as the shock, but spreading out continuously in time.
At this point it is important to add some comments on the physical admissibility of shocks. For nonstrictly hyperbolic and nonconvex systems, the admissibility of shocks is quite complicated and the geometrical admissibility condition is not sufficient. So to be complete, the above discussed Riemann problem analysis based on nonconvexity of the ideal equations, has to be supplemented with an admissibility study based on models which take into account some of the physical effects that are left out in the ideal equations. Wu 33 studies the admissibility of shocks for a scalar nonconvex equation by including dissipative and dispersive terms, and finds numerically that the admissibility of the sonic shocks which are embedded in the above defined compound shocks, depends on the ratio of the dissipative and dispersive coefficients. For broad regions of the parameter space of the dissipative and dispersive coefficients, the conclusions from the ideal analysis remain valid, and compound shocks are admissible elements of solutions of Riemann problems, but for some parameter regions, the compound shocks do not occur.
The concept of a compound shock carries over to the separate nonconvex characteristic fields of systems of hyperbolic equations. In this case, the attached rarefaction will be a simple wave, with the consequence that one family of characteristics in the rarefaction will consist of straight lines. 12, 14, 18 The MHD flux function is not convex for the fast and the slow characteristic fields, 27 and compound shocks, with embedded sonic intermediate shocks, can occur in MHD.
The admissibility of MHD shocks can be studied in the MHD system with dissipative terms, and it is shown that the admissibility of intermediate MHD shocks can depend on the form of the dissipation. 29, 30, 33, 34 It is argued that dissipative effects have to be taken into account in studying admissibility of MHD shocks, and that ''evolutionarity'' considerations, which are based on linear stability analysis of the ideal MHD equations, are insufficient to determine which MHD shocks can exist in physical reality. 29, 30, 33, 34 As was discussed in Sec. I, we can say that although there seems to be quite general agreement that MHD intermediate and compound shocks are theoretically admissible in the case of planar symmetry 11, 30, 33, 34, 44, 45 (B z ϵ0 and z ϵ0), Barmin et al. 44 42 reveal bright features which can be interpreted as shock fronts. Those shock fronts can have a peculiar geometry with a ''dimple,'' and this has been attributed to the possible presence of intermediate MHD shocks. 25, 42, 43 Our bow shock simulation results are the first clear confirmation in 2D that intermediate shocks can indeed exist, at least in the reduced planar system. However, the question of the physical existence of intermediate and compound shocks in a nonplanar context can clearly not be addressed by our present planar simulation results. It is certainly interesting to examine these planar steady state simulation results to see if a steady analog for xt compound shocks can be identified. We have to realize, however, that it is not sure if the structures identified in this planar flow would survive in simulations of the full MHD system, and if they can exist in the real world, given the debate on the physical existence of intermediate shocks in a nonplanar context. Future extensions of our bow shock simulations to configurations in three space dimensions ͑3D͒ may be able to contribute to the answer to this question. It is important to note that we obtain a very similar topology with intermediate shocks for the axisymmetrical field-aligned flow over a sphere in the switch-on parameter regime. 26 Myong and Roe 30 show analytically that all planar intermediate shocks-except the 2-3 shock-do have viscous profiles for the case where all the viscous parameters are equal, and that sonic intermediate shocks embedded in compound shocks are essential elements in the analytical solution of some planar xt MHD Riemann problems. They relate the occurrence of compound shocks in the planar case to the inadmissibility of 2-3 undercompressive intermediate shocks for which the compound shocks-with embedded sonic intermediate shocks-are substitutes. They theoretically predict the existence of double xt compound shocks, composed of a fast rarefaction, followed by a 1ϭ2-3ϭ4 sonic intermediate shock, followed by another slow rarefaction.
A steady compound shock should have the following properties, based on carrying over the geometry of characteristics from the xt case to the xy case. First, the flow should be hyperbolic on the two sides of the shock. Second, the shock should have a rarefaction attached to it which is a simple wave with one family of characteristics consisting of straight lines. Third, the xy characteristics should be parallel to the shock in the xy plane, such that the flow is sonic in the xy plane where the shock is attached to the rarefaction. We will now investigate several wave structures in the simulated bow shock flow to see if they fulfill these criteria.
We start with the leading shock at the conducting plate. Fig. 9͑a͒ suggests that this could be a steady compound shock. Figure 8 confirms that the flow is hyperbolic on both sides of the shock, but the behavior of the two characteristic families shown in Figs. 11 and 12 , shows that this is not a steady compound shock as we have defined above. Neither of the characteristics is parallel to the shock where the rarefaction is attached to the shock, and the two families are not straight but interact in the rarefaction which is thus not a simple wave. This conclusion is consistent with the discussion in DSLP98, where it was shown that this rarefaction is a 2D effect associated with the converging flow behind the shock. The plasma speed equals neither of the wave speeds where the rarefactions are attached to the shock, as was shown in Figs. 8͑f͒-8͑h͒ of DSLP98.
Figures 11 and 12 also reveal another interesting phenomenon. As the pressure in the rarefaction in Fig. 9͑a͒ drops when going to the right, the characteristics in Figs. 11 and 12 straighten and form one coinciding limiting characteristic where the pressure reaches a constant state after the rarefaction ͑at ϳxϭϪ0.185). This limiting characteristic is allowed because the streamlines are perpendicular to it. This limiting line is a locus of weak discontinuity, where the pressure is continuous, but the slope of the pressure has a discontinuity. This weak discontinuity connects the rarefaction region with the uniform flow region behind it, and Fig. 8͑g͒ of DSLP98 shows that the flow is indeed sonic at the location of this weak discontinuity. The rarefaction region bordering the uniform region is, however, not a simple wave region, such that this special configuration with a limiting characteristic seems to be an exception to the rule that a uniform region in a stationary 2D flow can only be bordered by a simple wave region. 14 We now turn our attention to intermediate shock EG .  Figures 9͑b͒-9͑d͒ suggest that this could be a steady compound shock with an embedded 1ϭ2-3ϭ4 intermediate shock. The behavior of the two characteristic families shown in Figs. 13 and 14 , shows that the flow is hyperbolic on both sides of the shock. The second family of characteristics ͑Fig. 14͒ is parallel to the shock on the right, and goes into the shock on the left. The characteristics of this family are straight on the right of the shock, indicating a simple centered slow rarefaction wave with the characteristics apparently converging in point G. The first family of characteristics ͑Fig. 13͒ is parallel to the shock on the left ͑with straight lines͒, and goes into the shock on the right. The characteristics of this family are straight on the left of the shock. The intermediate shock is thus preceded and followed by simple rarefaction waves which are sonic at the point where they are attached to the shock. This rarefaction-shock-rarefaction structure has thus all the defining properties of a compound shock. This compound shock is sonic on the two sides, so we can call this newly identified steady wave structure a double steady compound shock ͓Fig. 15͑b͔͒. Such a structure has been predicted theoretically recently in the context of xt compound shocks 30 ͓Fig. 15͑a͔͒. It has not been identified yet in xt simulations, but it is noteworthy that we encounter the analogous steady xy structure in our 2D simulation results. This new steady structure is a manifestation of the nonconvex nature of the MHD equations, just like the sonic intermediate shocks embedded in xt time dependent compound shocks are a manifestation of this property. We have thus established by explicit example a remarkably complete analogy between the characteristic structure of timedependent compound waves in the xt plane and the characteristic structure of steady compound waves in the xy plane. Following Myong and Roe, 30 we can argue that this steady compound shock occurs as a substitute for a 2-3 intermediate shock which is undercompressive in the planar case.
We suggest the following physical relationship between the two kinds of compound shocks, those of time-dependent flows in the xt plane and those of steady flows in the xy plane. If an initial plane compound shock taken in the timedependent sense and moving in xyt space with a sonic fast rarefaction ͑which is expanding in time͒ attached to it, were to slow down and become steady, then such a structure could conceivably retain the property that the now steady rarefaction is sonic ( Ќ ϭc fЌ ) at the point where it is attached to the shock. This is precisely the defining property of a fast characteristic in steady xy space ͑see Sec. II͒, which means that all the points at the locus where the rarefaction is attached to the shock with a sonic speed, will lie on a steady xy characteristic parallel to the shock, thus explaining that the steady xy characteristic will be parallel to the shock where the rarefaction is attached to it. This observation clarifies a natural relationship between xt and xy compound shocks, which could possibly be further explored by explicit numerical simulation of the above proposed scenario. It also explains why the flow in terms of xt wave speeds is sonic where the rarefactions are attached to the shocks in steady compound shocks, as can be seen in Figs. 9͑c͒ and 9͑d͒.
VII. SUMMARY AND CONCLUSION
In this paper we have presented a concise and systematic derivation of some aspects of the characteristic theory of the MHD equations, and then we have applied this characteristic analysis to a complex field-aligned MHD bow shock flow with interacting shocks.
We have started out with an instructive presentation of the characteristic theory of the MHD equations with two independent variables, based on the symmetrizable Galilean invariant form of the equations and using a matrix approach. Our derivation is attractive because it is simple and systematic. The characteristic structure derived from the symmetrizable form of the MHD equations turns out to be consistent and complete, without the need to impose the ٌ-Bϭ0 constraint.
We have then analyzed the bow shock flow in terms of characteristics, elliptic and hyperbolic regions, limiting lines, and allowed shock transitions. Our results are an illustration and a 2D extension of many of the recent theoretical results on characteristic structure and allowed shock transitions that were obtained from analysis of stationary symmetric selfsimilar MHD flows. FIG. 15 . ͑a͒ Sketch of the recently theoretically predicted double xt compound shock. The shock ͑thick͒ is preceded and followed by rarefactions ͑thin dotted͒, which are attached to the shock with characteristics parallel to the shock. ͑b͒ Sketch of the topology of the characteristics near the double xy compound shock which is present in our simulation results. The shock ͑thick͒ is preceded and followed by simple wave rarefaction regions, which are attached to the shock with straight characteristics parallel to the shock. This analysis in terms of characteristics and elliptic and hyperbolic regions gives insight into the global topology of the bow shock flow and into the flow of information in the bow shock solution. A more important result of our analysis is, however, the discovery of planar 2D steady state MHD wave structures that are exact mathematical analogs of the MHD compound shocks encountered in planar 1D timedependent flows. We have shown that the interacting bow shock flow contains a structure composed of a fast simple wave rarefaction, followed by a sonic intermediate shock, followed by a slow simple wave rarefaction. Analysis of the characteristics in the steady xy plane, shows that this structure has all the mathematical properties of the compound shock that was previously studied in the context of planar 1D time-dependent MHD flows. We have thus established a complete analogy between the characteristic structure of time-dependent compound waves in the xt plane and the characteristic structure of the newly discovered steady compound waves in the xy plane. Even more significant is that this structure turns out to be the steady analog of the double compound shock that has been predicted theoretically recently in the context of xt MHD compound shocks. 30 We suggested that this novel steady compound wave can be the terminal state of its time-dependent counterpart as an initially time-dependent 1D flow relaxes to a 2D steady state. Our findings are thus a new manifestation of the wealth of interesting wave effects that are described by the MHD equations. It is important to be aware, however, that it remains to be seen if the intermediate and compound shocks present in our 2D planar simulation results, would survive in the more general full MHD system which allows for nonplanar perturbations, given the debate on the physical existence of intermediate shocks in a nonplanar context.
Our study of the bow shock flow shows that characteristic analysis is a powerful tool that can give insight into complex nonlinear flows, and this approach may be useful to analyze numerically obtained solutions for solar and stellar winds and other astrophysical flows. 53 Future work will include analysis of flow characteristics and wave structures in 3D flows, where the field does not have to be aligned with the flow. The possible formation and properties of intermediate and compound shocks in 3D space is an interesting and highly debated topic, and the complicating factor of noncoplanarity and stability to nonplanar perturbations enters automatically in a 3D configuration. 30, [33] [34] [35] [36] 40, 44, 45 These extensions of our bow shock simulations to configurations in three space dimensions may be able to contribute to the answer to the question of the physical existence of intermediate shocks. Together with DSLP98, the present article will serve as a reference for this future 3D work. Time-dependent simulations of this kind of shock interaction processes will be performed in the context of solar coronal mass ejections. 25 The intricate MHD wave structures that are present in our simulation results, may be observed in space plasmas with coronagraph observations 42, 43 or in situ satellite observations. 57 
